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Abstract. We consider the hypothesis of a limiting minimal curvature in gravity
as a way to construct a class of theories exhibiting late-time cosmic acceleration.
Guided by the minimal curvature conjecture (MCC) we are naturally lead to a set
of scalar tensor theories in which the scalar is non-minimally coupled both to gravity
and to the matter Lagrangian. The model is compared to the Lambda Cold Dark
Matter concordance model and to the observational data using the “gold” SNeIa
sample of Riess et. al. (2004). An excellent fit to the data is achieved. We present a
toy model designed to demonstrate that such a new, possibly fundamental, principle
may be responsible for the recent period of cosmological acceleration. Observational
constraints remain to be imposed on these models.
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1. Introduction
One of the most profound discoveries of observational physics is that the universe is
accelerating in its expansion [1, 2, 3, 4, 5, 6]. There have been many attempts to explain
this late-time acceleration, for example, a pure cosmological constant, dark energy
associated with some new scalar field and modified gravitational theories, although
all current models require some level of fine-tuning and none are considered to be a
complete explanation ‡. Whatever is responsible for the current acceleration may arise
from some completely new physical principle. This is the possibility we consider in this
paper. Our goal is to construct a toy model that represents a late-time accelerating
Universe using a new, possibly fundamental, principle. As our guiding principle, we
hypothesize the existence of a minimal curvature scale in gravity.
In a Friedmann, Robertson-Walker (FRW) space-time, without cosmological
constant Λ and with only standard matter sources such as dust and radiation, the
universe will always decelerate as it expands. One way to avoid this is to add matter to
the system that violates the strong energy condition (SEC). In a cosmological context
this violation constitutes the addition of matter sources satisfying the equation of state
p ≤ −1/3ρ. A second possibility is to explicitly remove flat space-time as a solution to
the theory. In this case the vacuum of the theory, which is approached at late times
as the energy density in matter fields becomes more and more dilute, is not Minkowski
space-time, but instead an accelerating Universe [9, 10, 11]. To remove flat spacetime
as a solution we hypothesize the existence of a minimal curvature in our underlying
fundamental theory. The simplest example of this is, of course, to introduce a bare
cosmological constant into General Relativity. However, in principle there may exist
many other ways to achieve this result. Indeed, it appears that many accelerating
cosmological models derived from modified gravity theories contain such a minimal
curvature [12, 13, 14].
The idea of a minimal curvature scale in gravity mirrors that of a maximal curvature
scale. In the literature many authors have considered this possibility and used it
to remove the curvature singularities of General Relativity by bounding curvature
invariants from above at the level of the classical action [15]-[26]. In the case of
singularity removal, it is necessary to bound all curvature invariants in order to cover
all possible physical situations in which such a singularity may occur.
By contrast, in the case of a minimal curvature approached at late times in a
homogeneous, isotropic universe, symmetry implies that it is only necessary to bound
the Ricci scalar R from below. Hence, unlike in the case of a maximal curvature
hypothesis, we shall see that one may implement a minimal curvature by using a modified
Brans-Dicke theory where the Brans-Dicke field couples non-minimally to the matter
Lagrangian.
Within this context we demonstrate that the existence of the minimal curvature
(MC) produces a Universe that evolves from a matter dominated period to an
‡ For a recent reviews on the subject see [7, 8].
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accelerating phase mimicking the Λ-Cold-Dark-Matter (ΛCDM) model. We emphasize
that the model presented here is only a toy construction of the late Universe. The
model is not intended to provide a consistent cosmology from the time of Big-Bang
Nucleosynthesis (BBN) until today. It is unlikely that the precise model presented
here is compatible with solar system experiments and the tight constraints on the time
variation of Newton’s constant. However, the model does provide an example of how
the postulated existence of a minimal curvature scale in gravity can provide a new
mechanism to generate cosmological acceleration of the late Universe. Furthermore,
the model may capture features of a possibly more fundamental theory that admits a
minimal curvature scale S.
In Section 2, we describe the minimal curvature construction, first by using a toy
example and then by using a class of modified Brans-Dicke theories. We solve the
equations of motion for this example and demonstrate how the Universe evolves from
a matter dominated phase to an accelerating period as the curvature approaches its
minimal value. In Section 3, we compare the MC model with ΛCDM and to the
supernovae (SNeIa) “gold” sample of [27]. Finally, we comment on the possibility
of constructing more realistic models that satisfy the limiting curvature hypothesis
and offer our conclusions and speculations in Section 4. In Appendix A, we provide
a detailed analysis of the vacuum MC theory. In Appendix B, we construct an Einstein
frame description of the vacuum theory and compare it to the MC vacuum.
2. The Minimal Curvature Construction
Our goal is to construct theories in which a certain physical quantity is bounded from
below. Before leaping directly into our model, it is instructive to consider an example
of how a similar effect may be achieved in a simpler theory - the bounding of velocities
from above in Special Relativity by the speed of light [20].
The Newtonian action for a free particle of mass m in motion is
S =
∫
dt
1
2
mx˙2 . (1)
In this classical theory the velocity of the particle is without bound. Now let us implement
one of the fundamental consequences of Special Relativity: To ensure that the speed of
this particle is limited by the speed of light we introduce a field φ(t) which couples to
the quantity in the action that we want to bound (x˙2) and has a “potential” U(φ). The
resulting action is
S = m
∫
dt
[
1
2
x˙2 + φx˙2 − U(φ)
]
. (2)
The variational equation with respect to φ
x˙2 =
∂U
∂φ
, (3)
S An interesting example of a minimal curvature scale occurs in a certain classical limit of quantum
gravity [13, 14].
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ensures that x˙ is bounded, provided ∂U/∂φ is bounded. Note the absence of a kinetic
term for ϕ in the action, and hence, the reason the word potential appears in quotes
above. In order to obtain the correct Newtonian limit for small x˙ and small φ we take
U(φ) proportional to φ2. In the Newtonian limit the action (2) reduces to (1). A simple
potential satisfying the above asymptotics is
U(φ) =
2φ2
1 + 2φ
. (4)
Integrating out φ yields (up to an irrelevant constant) the action for relativistic particle
motion:
SSR = m
∫
dt
√
1− x˙2 . (5)
The above model provides a powerful example of how a toy construction based on a
fundamental principle – the existence of a universal “speed limit” – can capture features
of a more fundamental theory.
We now use a similar construction to model the existence of a minimal curvature
(MC) scale in gravity. Because we are interested in late time cosmology, we need only be
concerned with bounding one curvature invariant, the Ricci scalar R. In direct analogy
with our example from Special Relativity, we introduce a scalar field ϕ that couples to
the quantity we wish to bound, R, and a “potential” function V (ϕ)
SMC =
∫
d4x
√−g
(
M2pl
2
R − γϕR + V (ϕ)
)
, (6)
whereMpl ≡ (8piG)−1/2 is the reduced Planck mass and both ϕ and γ posses dimensions
of mass, [ϕ] = [γ] =M . The vacuum theory is equivalent to a Brans-Dicke theory with
Brans-Dicke parameter ωBD = 0. This is seen by re-writing the action (6) in terms of a
new field
Φ =
(
M2pl
2
− γϕ
)
, (7)
so that the action becomes
SBD =
∫
d4x
√−g (ΦR + V (Φ)) . (8)
Ordinarily, such a theory can be re-cast as a purely gravitational theory with
Lagrangian L = √−gf(R) (see, e.g. [29]); however, this is not possible for all forms
of the potential V .
For reasons that will become clear shortly, we allow the field ϕ to couple non-
minimally to matter. The non-minimal coupling yields the matter action,
SM =
∫
d4x
√−gLM(ψi, ϕ, f(ϕ/Mpl)ψ¯ψ) , (9)
where LM is the Lagrangian made up of whatever matter fields ψi are in the theory. In
the case were ψ represents a dark matter Dirac spinor, the field ϕ couples non-minimally
only to the dark matter sector and need not couple to baryons. In this case it is possible
to avoid constraints on such a coupling from solar-system and table-top tests of gravity.
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In string theory, non-perturbative string loop effects do not generically lead to universal
couplings, allowing the possibility that the dilaton decouples more slowly from dark
matter than ordinary matter (see, e.g. [30, 31, 32, 33, 34, 35, 36]).
This coupling can be used to address the coincidence problem, since the acceleration
is triggered by the coupling to matter. For the purposes of our toy construction, we do
not distinguish between baryonic and dark matter in the remainder of our discussion.
Note that in the case of f(R) theories which are conformally identical to models
of quintessence in which matter is coupled to dark energy with a large coupling,
this strong coupling induces a cosmological evolution radically different from standard
cosmology [37]. Similar difficulties may arise in the model presented here, however, we
have yet to investigate this issue.
The matter stress-energy tensor is given by
Tµν ≡ − 2√−g
δLM(ψi, ϕ)
δgµν
. (10)
We assume a perfect fluid
Tµν = (ρM + PM)uµuν + PMgµν , (11)
where uα is the fluid rest-frame four-velocity, and the energy density ρM and pressure
PM are related by the equation of state PM = wρM . Because we are focusing on the late
Universe we shall ignore the presence of radiation and consider only a matter density
ρM , which redshifts with expansion in the usual manner (with the exception of the
non-trivial ϕ dependence)
ρM ∝ f(ϕ/Mpl)
a3
. (12)
In the above, f is a function describing the non-minimal coupling of the field ϕ to the
matter Lagrangian. Such couplings in the context of ordinary scalar-Einstein gravity
were studied in [36] where it was found that this coupling can be made consistent
with all known current observations, the tightest constraint coming from estimates of
the matter density at various redshifts. This coupling plays a critical role in Modified
Source Gravity, introduced in [38].
Variation of the total action Stot = SMC + SM with respect to the metric tensor,
δStot/δg
µν = 0 yields the modified Einstein equations
(1− αϕ)Rµν − 1
2
(1− αϕ)Rgµν
+ α∇µ∇νϕ− αgµν✷ϕ− V gµν = 8piGTµν (13)
where ⊓⊔ ≡ gµν∇µ∇ν and we have introduced α ≡ 2γ/M2pl. Variation with respect to
the field ϕ gives
γR =
∂V
∂ϕ
+
1
f0
∂f(ϕ/Mpl)
∂ϕ
ρM . (14)
Equation (14) is the key to imposing the limiting curvature construction. It is clear that
the curvature R will remain bounded and approach a constant curvature at late times
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(t → ∞) as long as V ′ + f ′ρM → constant; this is the essence of the construction. We
assume a flat (k = 0) Friedmann-Robertson-Walker metric
ds2 = −dt2 + a2(t)
{
dr2 + r2dΩ2
}
, (15)
where a(t) is the scale factor of the Universe and dΩ is the line-element of the unit
2−sphere. Defining the Hubble parameter by H ≡ a˙/a and substituting the metric
ansatz (15) into (13) and (14) gives the generalized Friedmann equation (the 00-
component of (13)) and the equation of motion for ϕ:
3M2plH
2 − 6γϕH2 − 6γHϕ˙+ V (ϕ) = f(ϕ/Mpl)ρ
(0)
M
f0a3
,
6γ(2H2 + H˙)− V ′(ϕ) = f ′
(
ϕ
Mpl
)
ρ
(0)
M
f0a3
, (16)
where a prime denotes differentiation with respect to ϕ, f0 ≡ f(ϕ0/Mpl), ϕ0 and ρ(0)M
are the values of ϕ and ρM today.
By considering the asymptotics of our cosmology at early and late times, we can
constrain the forms of the functions V (ϕ) and f(ϕ). We require that the effective
Newton’s constant for our theory remain positive definite so that gravity is always
attractive. This imposes a constraint on Φ ≥ 0, ∀ t in equation (8). There are
rather strong constrains on the time variation of Newton’s constant from the period of
nucleosynthesis until today (roughly,
∣∣∣G˙/G∣∣∣ < O(10−10−10−13 yr−1) [39]). For the time
being, we will allow ourselves to ignore this constraint in order to produce a toy model
capable of realizing the MC conjecture. Furthermore, because we are only interested
in the behavior of the Universe from the matter dominated epoch until today, we have
ignored the presence of radiation. The absolute earliest our theory is valid is up to the
period of equal matter and radiation domination teq. For specificity, by early times we
refer to times near the time of photon decoupling at a redshift of z ≃ 1100, during which
the Universe is typically already well into the matter dominated regime.
At late times (and low curvatures) we want to bound the Ricci scalar R from below.
This will constitute a successful example of a model obeying the minimal curvature
hypothesis. To bound the curvature we use equation (14). It is clear that the curvature R
will remain bounded if we bound V ′+f ′ρM , where the prime denotes differentiation with
respect to ϕ. Hence, we require γ−1(V ′+f ′ρM)→R at late times, where we denote the
hypothesized minimal curvature scale by R. We anticipate that, by construction, there
will be a late-time attractor that is a constant curvature space-time with R = R. This
attractor is not an actual solution to the equations of motion. The above considerations
restrict the functional forms of potential V and the non-minimal coupling function f .
Integration singles out a class of theories that must obey V (ϕ) + f(ϕ)ρM → γRϕ as
t → ∞. The simplest forms for V and f obeying the above constraint are the linear
functions
V (ϕ) = µ3ϕ , f(ϕ) =
ϕ
Mpl
, (17)
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where µ is, in principle, another free parameter with dimensions of mass. However, we
will take µ = γ, so that R = γ2, and γ is the only free parameter in the theory ‖. We
now rescale time t ≡ tH0 so that today t0 = 1 and introduce the following dimensionless
quantities
a ≡ a
a0
, H ≡ H
H0
ϕ ≡ ϕ
Mpl
, γ ≡ γ
Mpl
(18)
ΩM ≡ ρM
ρc
=
ρM
3H2M2pl
, R =
R
H20
, (19)
and take a0 = 1, where a0 is the value of the scale factor today.
In terms of the dimensionless quantities the EOM become
H2 − 2γϕH2 − 2γHϕ˙+ V (ϕ)
3
=
f(ϕ)Ω
(0)
M
f0a3
, (20)
γ(2H2 + H˙)− V
′(ϕ)
6
= f ′ (ϕ)
Ω
(0)
M
2f0a3
, (21)
The successful implementation of the minimal curvature hypothesis is now apparent.
Recasting equation (21) in terms of the curvature scalar R = 6(2H2 + H˙), and
substituting in our choices for V and f (17):
R = γ2 + 3
Ω
(0)
M
a3
. (22)
We see that, as the Universe expands and the matter term dilutes, we asymptotically
approach the minimal value of the curvature R = R = γ2.
It is both interesting and surprising that the solution to Eq. (22) reduces to the
simple case of ΛCDM plus an arbitrary amount of dark radiation which may have either
positive or negative effective energy density. Most notably, this model arises in Randall-
Sundrum brane cosmology which has been extensively studied in the literature ¶. The
Friedmann equation derived from the Randall-Sundrum model for a flat Universe is
H2 =
ρ
3M2pl
+
ρ2
36M65
+
C
a4
, (23)
where M5 is the five dimensional Planck mass and Ca−4 is the so called dark radiation
term, since it scales like radiation, but it’s origins are purely gravitational and it does
not interact with standard matter [45]. At low energies (when the energy density is
much less than the critical brane tension), the ρ2 term can be safely neglected. The
main observational restrictions on the dark radiation term come from the acoustic
scale at recombination (see, e.g. [46]), and from the amount of total growth of density
perturbations in the non-relativistic matter component from the time of equal matter
and radiation until the present day [47, 48]. As a result, the density of dark radiation
cannot be significantly larger than the present CMB energy density +.
‖ It is interesting to note that if we do not take µ = γ and then take the limit that γ → 0 the theory
resembles the action of the modified source gravity models studied in [38].
¶ For some reviews see, e.g. [43, 44].
+ Note, the constraints from BBN are even stronger [49].
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Making use of (18) and (19), Eq. (23) may be recast (neglecting the ρ2 term) as
H2 =
ΩM
a3
+
ΩR
a4
+
ΩΛ
3
, (24)
where we have included a cosmological constant term ΩΛ = Λ/3M
2
plH
2, and ΩR =
ΩC + Ωr includes contributions from both the dark and ordinary radiation. From (24)
we find
H˙ =
−3ΩM
2a3
− 2ΩR
a4
. (25)
Constructing the Ricci Scalar R = 6(2H2 + H˙) from the above expressions yields
Eq. (22), with γ2 = 4ΩΛ.
In Appendix A, we provide a detailed analysis of the vacuum MC equations with
ΩM = 0. Although the presence of matter plays an important role in our minimal
curvature construction, an analysis of the vacuum theory provides valuable insight into
the solutions we are interested in studying. In Appendix B, we transform the vacuum
MC theory into an Einstein frame and relate quantities of physical interest in both
frames.
For general solutions to the equations of motion (20) and (21) with functions (17)
we solve for the Hubble parameter H(t) and scalar field ϕ(t). We plot the relevant
portion of the ϕ−H phase space in Fig. 1.
0.5 1 1.5 2 2.5
1
1.25
1.5
1.75
2
2.25
2.5
Figure 1. Phase space of ϕ vs. H . All solutions asymptotically approach a late-time
accelerating phase with constant H at the minimal curvature R denoted by the red
line.
To solve the equation we integrate from the past to today (H0 = 1) and then
from today into the future and patch the solutions together. In the plots we take the
conditions H0 = 1.0, γ = 3.15, ΩM = 0.25 and let the values of ϕ0 vary. At late times,
the solutions approach the constant H attractor when the Universe is well into the
accelerating epoch.
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3. Comparison with ΛCDM
We now compare our model with ΛCDM. To do so, we must enter reasonable initial
conditions into our numerical study and solve the equations of motion (20), (21) together
with (17) and the equation a˙ = Ha. Let us begin by considering the value of the minimal
curvature. Physically the minimal curvature corresponds to an emptying of the matter
in the Universe due to cosmological expansion. In our model the value of the minimal
curvature is approached asymptotically. Today, the value of the curvature is given by
R0 = 6(2H
2
0 + H˙0) ≈ 12H20 . (26)
Because we observe a significant amount a matter in the Universe today, we know that
we have not yet reached the minimal curvature. However, because we are accelerating,
we know that we are near the minimal curvature (i.e. the first and second terms on the
right hand side of equation (22) must be comparable). Hence, from equation (26), we
expect the value of the minimal curvature R to be close to but less than R < 12H20 .
Therefore, in terms of our dimensionless quantities (18), R < 12 and the free parameter
in our theory γ <
√
12 ≈ 3.4641. For the solutions considered below, we choose a
value of γ = 3.15 meeting the above requirements and that follows the ΛCDM model
to our satisfaction for our toy construction (i.e. a value leading to a matter dominated
cosmology followed by a “jerk” near a redshift of z ≃ .5 into an accelerating phase).
In the action (6), the effective Newton’s constant is GNeff is given by
(16piGNeff )
−1 =
M2pl
2
− γϕ . (27)
To ensure that the effective Newton’s constant remains positive definite over the history
of the Universe ( GNeff > 0, ∀ t) we must have γϕ < .5. We are almost in a position to
compare our model both with ΛCDM, which has the Friedmann equation
H =
√√√√Ω(0)M
a3
+ (1− Ω(0)M ) , (28)
and with the observational data provided by the SNeIa gold sample. To make a
comparison with the observational data we require an understanding of the luminosity
distance formula in the context of modified gravity models.
An important consideration arises when using the formula for the luminosity
distance in theories of the form:
S =
∫
d4x
√−g
[
A(ϕ)
R
2
+B(ϕ)(∂µϕ)
2 + V (ϕ) +
∑
i
Ci(ϕ)Li
]
, (29)
where the Li represent the different types of possible matter Lagrangians present. Such
a theory arises as the low-energy effective action for the massless modes of dilaton
gravity in string theory, and our model is an action of just this sort [41, 42]; albeit, with
an unusual choice for the functions A, B, V, C. As we have already discussed, these
theories typically lead to time variation in Newton’s gravitational constant. The time
variation can affect the way one should compare the theory to observations [50]. In
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particular, the time-evolution can alter the basic physics of supernovae. For example,
the time variation in GN leads to different values of the Chandrasekhar mass at
different epochs, and hence, a supernova’s peak luminosity will vary depending on when
the supernova exploded. This makes treating the supernovae Ia as standard candles
difficult [51, 52, 53, 54, 55, 56]. Specifically, the peak luminosity of SNeIa is proportional
to the mass of nickel synthesized which is a fixed fraction of the Chandrasekhar mass
MCh ∼ G−3/2. Hence, the luminosity peak of SNeIa varies as L ∼ G−3/2 and the
corresponding absolute magnitude evolves as
M =M0 +
15
4
log
G(z)
G0
, (30)
where the subscript zero indicates the local values of the quantities. Therefore, the
magnitude-redshift relation of SNeIa in modified gravity theories of the type given by
(29) is related to the luminosity distance via [53, 55]:
m(z) =M0 + 5 log dL(z) +
15
4
log
G(z)
G0
. (31)
Even if gravitational physics is described by some theory other than General Relativity
the standard formula for the luminosity distance applies as long as one is considering a
metric theory of gravity [57]:
dL(z;H(z), H0) =
(1 + z)
H0
∫ z
0
dz′
H(z′)
. (32)
For ΛCDM, the Luminosity distance (32) can be written [40]:
dL(z; ΩM ,ΩΛ, H0) =
c(1 + z)
H0
√
|κ|
S
(√
|κ|
∫ z
0
[
(1 + z′)2(1 + ΩMz
′)− z′(2 + z′)ΩΛ
]− 1
2
)
(33)
where, S(x) ≡ sin(x) and κ = 1 − Ωtot for Ωtot > 1 while S(x) ≡ sinh(x) with
κ = 1−Ωtot for Ωtot < 1 while S(x) ≡ x and κ = 1, for Ωtot = 1. Here and throughout,
Ωtot = ΩM + ΩΛ.
3.1. Numerical Analysis
Given the above considerations we take the following values of parameters today:
a0 = 1.0, H0 = 1.0, ϕ0 = 0.1, γ = 3.15, Ω
(0)
M = 0.25 . (34)
We then integrate our equations from the past to today and then from today into the
future and patch the solutions together. While we do not provide an exhaustive study of
the parameter space for the MC model, the parameters given above provide a successful
example of the construction which fulfills our rather modest goals ∗. It is quite possible
that the parameters (34) can be tuned to achieve an even better agreement with ΛCDM.
∗ An exhaustive study of the phase space of the vacuum theory is supplied in Appendix A.
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3.2. Results
The history and future of the curvature R together with the co-moving Hubble radius
are plotted in Fig. 2.
0 1 2 3 4
t
10
11
12
13
14
15
R
CURVATURE
-2 -1.5 -1 -0.5 0
Log@tD
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
Log@1aHD
Comoving Hubble Radius
Figure 2. The Ricci scalar (left) and co-moving Hubble radius (right) as functions of
cosmic time t. The curvature decreases from the matter-dominate past (red curve) to
the constant minimal value at R = γ2 indicated by the green line. Today, t0 = 1 and
the blue curve indicates the future evolution of the curvature. While the Universe is
accelerating the co-moving Hubble radius decreases.
In the Figure the past history of the curvature is plotted in red while the future is
plotted in blue. Today we are at the value t = 1. The minimal curvature is given by
the green line at R = R = γ2. As expected, the curvature is large in the past when
the Universe is matter dominated and then decreases, approaching the accelerating
late-time de-Sitter attractor with constant minimal curvature R = R. The second
plot in the Figure shows the evolution of the co-moving Hubble radius H−1/a. The
phenomenologically desired cosmological transition from matter domination to late-
time acceleration of the Universe is clearly indicated by the decreasing of the co-moving
Hubble radius, when
d
dt
H−1
a
< 0 . (35)
In some modified gravity models it can be difficult to achieve this transition (see,
e.g. [58, 59]).
The majority of our results are presented in Figures 3 and 4. In Figure 3 we plot
the scale factor a as a function of cosmic time t, the Hubble parameter H as function
of redshift z, where
z + 1 ≡ a0
a
, (36)
the deceleration parameter
q(z) = − a¨
aH2
, (37)
and the luminosity distance, dL.
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Figure 3. A comparison of the cosmological evolution of the MC model with ΛCDM.
Quantities plotted in red are the MC model while those in blue are for ΛCDM. Today
we are at the values t = 1, z = 0. Plot a.) shows the time evolution of the scale factor.
Plot b.) shows the Hubble parameter as a function of redshift. Plot c.) compares
the deceleration parameters as a function of redshift. Plot d.) shows the luminosity
distance, dL, as a function of redshift. The MC model is clearly a good fit with ΛCDM.
For the particular set of parameters considered, the scale factor of our model
differs from ΛCDM most strongly in the far future, although the difference in the
expansion rates of the MC construction with ΛCDM is apparent in the plot of the Hubble
parameters at high redshifts. The transition from matter domination to acceleration (the
jerk) occurs at a slightly lower redshift than ΛCDM. There is only a slight difference
in dL that occurs at high redshifts (z > 1), although the difference is not significant
enough to distinguish our model from ΛCDM using only the current supernova data.
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Figure 4. Comparison of the MC and various ΛCDM models with observational data.
The supernovae data points are plotted with error bars and the data is taken from [27].
The luminosity distance dL for the MC model is plotted by the dashed (blue) curve.
The various theoretical predictions for ΛCDM are represented by the solid curves and
were examined in [28].
In Figure 4, we compare the luminosity distance predicted by our model with several
versions of ΛCDM and with the observational data. The luminosity distances are plotted
out to a redshift of z = 2 (the highest redshift supernova data is from z = 1.76). The
theoretical predictions of the minimal curvature construction and ΛCDM are compared
with the “gold” supernovae sample of [27]. The particular choice of ΛCDM models
shown are from [28]. The luminosity distance for the minimal curvature construction
is denoted by the blue dashed line and fits the supernova data extremely well. The
luminosity distance dL is virtually indistinguishable from ΛCDM with Ω
(0)
M = 0.25 and
Ω
(0)
Λ = 0.75 (there is a small discrepancy at high redshift as can be seen from Figure 3).
4. Conclusions
We have shown that a period of late-time cosmic acceleration can follow directly
from a simple minimal curvature conjecture (MCC). The model fits the SNeIa data
exceptionally well. While the specific formulation considered here is only a toy
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construction, unlikely to be compatible with constraints from solar system and table
top test of the equivalence principle, it may capture phenomenologically interesting
features of a more fundamental theory that admits a limiting minimal curvature.
Furthermore, the construction successfully demonstrates the possibility that a new
fundamental physical principle may ultimately be responsible for the recent period of
cosmological acceleration. It is possible that experimentally viable models based on the
minimal curvature conjecture exist. The search for such models within the context of
scalar-Gauss-Bonnet gravity is currently underway. Despite the tight theoretical and
experimental constraints on scalar-Gauss-Bonnet cosmologies [62, 63, 64, 65, 66], we
remain optimistic that an experimentally and theoretically viable model based on the
minimal curvature construction can be discovered.
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Appendix A. Probing the Vacuum Theory
The basic mechanism used to implement the limiting curvature construction requires a
non-minimal coupling of ϕ to the matter Lagrangian. This coupling plays an important
role in the overall cosmological dynamics discussed above. Hence, an understanding of
the vacuum theory is perhaps not as fruitful as it would be in case of a theory with
minimal coupling of ϕ to matter; however, once the Universe becomes sufficiently large
and dilute the dynamics will resemble those of the vacuum theory. As we shall see the
vacuum MC theory is significantly richer than that of ΛCDM. The equations describing
the vacuum are given by the equations (16) with ΩM = 0. The dimensionless forms are
H2 − 2γϕH2 − 2γHϕ˙+ V (ϕ)
3
= 0 ,
γ(2H2 + H˙)− V
′(ϕ)
6
= 0 , (A.1)
where we have re-introduced the parameter µ from equation (17) (previously set equal
to γ) for completeness and the potential is V (ϕ) = µ3ϕ. In the case of the vacuum we
may solve exactly for H(t). We focus on two types of solutions of particular interest.
In the first, the Hubble parameter is given by
H(t) =
√
1
12
R tanh

√
R
3
(t− 6αγ)
 , (A.2)
whereR = µ3/γ is the minimal curvature and α is a constant. In this case
H˙ =
R
6
cosh

√
R
3
(t− 6αγ)
 , (A.3)
and the scale factor evolves as
a(t) = a0
sech

√
R
3
(6αγ − t)

 12 . (A.4)
The quantities mentioned above, along with the field ϕ are plotted in Fig. (A1). In this
case the Universe undergoes a bounce as indicated in plots a.) and b.) in Fig. (A1).
After the bounce the Hubble parameter is pulled up to the value at the minimum
curvature H →
√
R/12. This is a de Sitter solution of the vacuum theory with
HdS =
√
R/12 , (A.5)
while ϕ continues to evolve exponentially ϕ(t)+(2γ)−1 ∝ exp(
√
R/12). Interestingly, H
and H˙ evolve in such a way that the curvature R = 6(2H + H˙) is constant throughout
the evolution of the solution, fixed at the minimal value R = R. This behavior is not
surprising as the constraint on R comes from the second equation in the EOM (A.1).
The second family of solutions are of greater relevance. They are the vacuum
analogs of the solutions plotted in Fig. (1) and discussed at the end of Section 2. These
solution are pulled down to the value of H at the minimal curvature. The entire phase
space of solutions to the vacuum theory is shown in Fig. (A2). Representative solutions
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Figure A1. Various quantities of interested plotted as functions of cosmic time t. In
the plots we take R = γ = µ = α = 1.
of the two families of solutions discussed above are plotted by the solid curves. The
red curve is the solution given by equation (A.2). The second set of solutions (relevant
to Section 2) are plotted in green in the upper right quadrant of the phase space.
The system defined by the vacuum equations (equation (A.1)) has two unstable saddle
equilibrium points at the values
(ϕ,H) =
−M2pl
2γ
, ±
√
R
12
 . (A.6)
The equilibrium points are marked by the purple dots in Fig. (A2).
The Accelerating Universe and a Limiting Curvature Proposal 18
-1.5 -1 -0.5 0 0.5 1 1.5 2
-1.5
-1
-0.5
0
0.5
1
1.5
2
Figure A2. The phase space of the vacuum theory. H is plotted on the vertical axis
and ϕ is plotted on the horizontal axis. The vector field for solutions is drawn in black.
Solutions of particular interests are plotted by the solid curves. The constant de Sitter
value of H at the minimal curvature is indicated by the dashed (blue) line. The two
unstable saddle equilibrium points are designated by the purple dots. In the plot we
take γ = µ = 3.15.
Appendix B. An Einstein Frame Description
It is not our intent to provide a complete Einstein frame analysis of the full MC system
with matter; however, it is instructive to consider the vacuum theory in an Einstein
frame. To move to the Einstein frame we begin with the Brans-Dicke frame defined by
the action (8). Passage to the Einstein frame is achieved via a conformal transformation
of the form
g˜µν = Ω
2gµν , (B.1)
where Ω2 is the conformal factor which must be positive to leave the signature of the
metric unaltered. From this point forward a tilde shall denote a quantity built out of
the Einstein-frame metric tensor g˜µν . Under this transformation the infinitesimal line
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element and the determinant of the metric transform as
ds˜2 = Ω2ds2 ,
√
−g˜ = Ω4√−g , (B.2)
respectively. The Ricci scalar transforms as
R = Ω2
(
R˜ + 6⊓˜⊔(lnΩ)− 6g˜µν ∇˜µΩ∇˜νΩ
Ω2
)
. (B.3)
Omitting the ordinary divergence
√−g˜⊓˜⊔(lnΩ), the action in the Brans-Dicke frame
transforms to
S =
∫
d4x
√
−g˜
(
Φ
Ω2
R˜ − 6 Φ
Ω4
g˜µν∇˜µΩ∇˜νΩ + V (Φ)
Ω4
)
, (B.4)
where the potential in terms of Φ is given by (7) together with (17):
V (Φ) =
µ3
γ
(
M2pl
2
− Φ
)
. (B.5)
Here we have re-introduced the parameter µ from equation (17) (previously set equal
to γ) for completeness.
By choosing our conformal factor to be Ω2 = 2Φ/M2pl, and performing a field
redefinition to define the Einstein frame field φ,
Φ =
M2pl
2
exp

√
2
3
φ
Mpl
 , (B.6)
the action (B.4) becomes the Einstein frame action
SEF =
∫
d4x
√
−g˜
(
M2pl
2
R˜ − 1
2
g˜µν∇˜µφ∇˜νφ− V˜ (φ)
)
, (B.7)
where we have defined the potential
V˜ (Φ) = −
(
M2pl
2
)2
V (Φ)
Φ2
. (B.8)
The Einstein frame potential is given by
V˜ (φ) =
M2pl
2
R
(
eβφ/Mpl − 1
)
e−2βφ/Mpl , (B.9)
where R = µ3/γ is the minimal curvature and β =
√
2/3.
In this frame the field φ has a canonically normalized kinetic term making the
interpretation of solutions more simple due to our familiarity with minimally coupled
scalar field to ordinary Einstein gravity. It is important to note, however, that so far
we have only considered the vacuum theory. Even in the Einstein frame the Einstein
field φ will couple non-minimally to matter and therefore, when matter is present in
significant amounts, the simple Einstein frame vacuum solutions will not be an accurate
description of the theory.
Under the conformal transformation (B.1), the cosmic time coordinate transforms
as
dt˜2 = eβφ/Mpl dt2 . (B.10)
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Taking the Einstein-frame Friedmann-Robertson-Walker flat metric
ds˜2 = −dt˜2 + a˜2(t˜)dx2 , (B.11)
Leads to the familiar equations of motion
H˜2 =
1
3M2pl
(
1
2
φ′2 + V˜ (φ)
)
, (B.12)
and
φ′′ + 3H˜φ′ +
dV˜
dφ
= 0 , (B.13)
where prime denotes differentiation with respect to the Einstein frame cosmic time
coordinate t˜ and H˜ ≡ a˜′/a˜. Using the conformal transformation (B.1), we find the
Hubble parameters in the Einstein and Minimal Curvature frames are related by
H = e
βφ
2Mpl
(
H˜ − β
2Mpl
φ′
)
. (B.14)
We plot the Einstein frame potential (B.9) in Fig. (B1). From the plot it is clear
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Figure B1. The Einstein frame potential V˜ as a function of the Einstein frame field
φ. In the plot we have set 16piGN = γ = µ = 1.
that there are three regions of interest:
i) There is an unstable de Sitter solution corresponding to the field sitting on the
top of the potential.
ii) If the field starts initially to the left of the unstable de Sitter solution (and
without significant positive velocity) the system will quickly run off to large negative φ.
iii) If the field falls to the right of the de Sitter solution it will asymptotically roll
to large positive values.
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Let us examine the first possibility in greater detail. The unstable de Sitter solution
with constant H˜ = H˜dS sits at the value at the maximum of the potential (B.9). The
maximum is at constant value
φ = φdS = β
−1Mpl ln 2 , (B.15)
From equation (B.12) we find the corresponding H˜
H˜dS =
1
2
√
R
6
. (B.16)
From equation (B.14) we see that the corresponding value in the minimal curvature
frame is
H(H˜dS, φdS) =
√
R
12
, (B.17)
which is the exact de Sitter solution we found in our analysis of the vacuum of the
minimal curvature theory (A.5).
The Minimal Curvature frame field is related to the Einstein frame field via
ϕ(φ) =
M2pl
2γ
(
1− eβφ/Mpl
)
, (B.18)
and consequently,
φ(ϕ) =
Mpl
β
ln
(
1− 2γ
M2pl
ϕ
)
. (B.19)
Using the relation (B.18), we find the value of ϕ at the de Sitter point (B.15):
ϕ(φdS) = −
M2pl
2γ
. (B.20)
Hence we conclude that the unstable de Sitter solution in the Einstein frame is mapped
to one of the unstable saddle critical points in the vacuum of the Minimal Curvature
frame (see equation (A.6)).
We now examine case iii): when φ rolls to large positive values the Einstein frame
potential may be approximated by
V˜ (φ) ≃ M
2
plR
2
e−βφ/Mpl , (B.21)
leading to the exact solutions
φ(t˜)
Mpl
=
√
6 ln
√ V˜0
24
t˜
Mpl
 (B.22)
H˜(t˜) =
3
t˜
, (B.23)
where V˜0 =M
2
plR/2, corresponding to power-law acceleration in the Einstein frame with
a˜(t˜) = a˜0t˜
3 . (B.24)
To find the corresponding behavior in the Minimimal Curvature frame we use the
conformal transformation (B.1) along with the transformation for the cosmic time
The Accelerating Universe and a Limiting Curvature Proposal 22
coordinate (B.10). We find the late-time power law attractor in the Einstein frame
(B.24) is mapped to the asymptotic de Sitter attractor in the MC frame at the minimal
curvature R (depicted by the dashed blue line in Fig. (A2)),
a(t) = a0e
√
R
12
t . (B.25)
